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In this paper, we consider elements x of a nite group G with the property that
χx 6= 0 for all irreducible characters χ of G. If G is solvable and x has odd order,
we show that x must lie in the Fitting subgroup FG. ' 1999 Academic Press
1. INTRODUCTION
A well-known result of W. Burnside asserts that in the character table of
a nite group, the only rows in which there is no zero entry are the rows
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corresponding to linear characters. In this paper, we address the dual"
question: Which columns of a character table can fail to contain zero? In
other words, we investigate the nonvanishing elements of our group G, by
which we mean the elements x ∈ G such that χx 6= 0 for all characters
χ ∈ IrrG. Certainly, every central element of G is nonvanishing since if
x ∈ ZG, then χx = χ1 > 0 for all characters χ ∈ IrrG. A mo-
ment’s thought shows that this sufcient condition is not necessary, how-
ever. For example, the elements of order 3 in the symmetric group S3 and
the elements of order 2 in the alternating group A4 are noncentral, and it
is trivial to check that these are nonvanishing elements. More generally, we
have the following easy result.
Theorem A. Suppose that G has a normal Sylow p-subgroup P . Then
all elements of ZP are nonvanishing in G.
Although in general, a nonvanishing element need not be not central,
there are some additional conditions that guarantee that such an element
necessarily is central. We prove the following, for example.
Theorem B. IfG is supersolvable, then the nonvanishing elements ofG all
lie in ZFG. In particular, if G is nilpotent, then the nonvanishing elements
of G are central.
Theorem C. Let x be a nonvanishing element of G and assume that the
order of x is relatively prime to G∞, then x ∈ ZG.
Not only may a nonvanishing element of G be noncentral, it can even
fail to lie in an abelian normal subgroup of G. In the alternating group
A7, for example, the elements of order 6 and their squares and cubes are
all nonvanishing, and these elements, of course, do not lie in an abelian
normal subgroup of this simple group.
Although our main goal is to study the nonvanishing elements of solvable
groups, we digress very briefly to consider which other simple groups might
contain nonidentity nonvanishing elements. If G is simple of Lie type and
p is any prime, it is known that G has an irreducible character of p-defect
zero. (This was proved by Michler [4] if p > 2 and by Willems [5] if p = 2.)
Since characters of p-defect zero vanish on elements of order divisible by
p, it follows that no simple group of Lie type can have a nonidentity non-
vanishing element. A quick check of the Atlas [1] shows that among the
26 sporadic simple groups, only M22 and M24 have nonidentity nonvanish-
ing elements, and this leaves only the alternating groups. We have already
mentioned that A7 contains such elements, and according to the Atlas, so
do A11 and A13. We do not know if any other alternating group contains a
nonidentity nonvanishing element.
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Even for a solvable group, it is not true that a nonvanishing element
must lie in an abelian normal subgroup. If G is the normalizer of a Sylow
2-subgroup S of the Suzuki group Szq, for example, then the elements
of order 4 of S lie in no abelian normal subgroup of G. It is not hard to
prove, however, that for every possible choice of q, each of the q2 elements
of S is nonvanishing in G. (In the smallest case, where q = 8, this can also
be easily veried by direct computation.) For every prime p, we show that
there exists a solvable group G containing a nonvanishing p-element that
does not lie in an abelian normal subgroup of G. In fact, if p is odd, we
can nd an element of order p with this property. We have not succeeded,
however, in nding a solvable group containing a nonvanishing involution
that fails to lie in an abelian normal subgroup.
Although a nonvanishing element of a solvable group need not lie in an
abelian normal subgroup, it appears to be true that such an element must
always lie in a nilpotent normal subgroup. Unfortunately, we have been
unable to establish this in general, but we do provide a proof for elements
of odd order. Slightly more generally, we have the following result, which
is the main theorem of this paper.
Theorem D. Let x be a nonvanishing element of the solvable group G.
Then the image of x in G/FG has 2-power order, and in particular, if x has
odd order, then x ∈ FG. In any case, if G is not nilpotent, then x lies in the
penultimate term of the ascending Fitting series.
2. SOME EASY ARGUMENTS
We begin with the proof of Theorem A. Recall that we have P G G,
where P ∈ SylpG, and we want to prove that the elements of ZP are
nonvanishing in G.
Proof of Theorem A. Let χ ∈ IrrG and write χP = e
Pt
i θi, where the
characters θi ∈ IrrP are distinct and have equal degree f . If z ∈ ZP,
we can write θiz = fi, where i is an ozth root of unity. It follows that
χz = ef Pti i, and it sufces to show that P i 6= 0.
In the ring of all algebraic integers, choose a maximal ideal I containing
p, and note that t 6∈ I since t divides G x P, and hence is not divisible
by p. Let  be any mth root of unity, where m is a power of p. We have
0 = m − 1 ≡ − 1m mod I. Then  ≡ 1 mod I, and it follows that P i ≡
t 6≡ 0 mod I. In particular, P i 6= 0, and the proof is complete.
There are number of conditions that will guarantee that some character
vanishes at a particular element. For example, we have the following known
result.
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(2.1) Lemma. Let H ⊆ G, and suppose that all the members of the coset
Hg are conjugate in G. If χ ∈ CharG and χH has no principal constituent,
then χg = 0.
Proof. Let X be a representation affording χ, and write M =P
h∈H Xh. Since MXh = M for each element h ∈ H, we see that
each row of the matrix M is a xed vector for the restricted representation
XH . Since by hypothesis, this representation has no principal constituent,
it follows that each row of M is the zero vector, and thus M = 0. We con-
clude that MXg = 0. But MXg is the sum of the conjugate matrices
Xhg as h runs over H. Its trace, therefore, is exactly Hχg, and the
result follows.
(2.2) Lemma. Let x ∈ G be a nonvanishing element, and suppose that
M ⊆ G. If the subgroup M;x is normal in G and is centralized by M , then
M;x = 1.
Proof. Write H = M;x. Since H is centralized by M , we see that
the map m 7→ m;x is a homomorphism from M onto H, and thus if
h ∈ H, we can write h−1 = m;x for some element m ∈ M . Then h =
x;m = x−1xm, and we have xh = xm. All elements of the coset xH are
thus G-conjugate, and since H GG, it follows by Lemma 2.1 that χx = 0
if χ ∈ IrrG and H 6⊆ kerχ. Since x is nonvanishing, however, this never
happens, and thus H ⊆ kerχ for all χ ∈ IrrG. We conclude that H = 1,
as required.
We can now prove Theorem B.
Proof of Theorem B. Recall that we are assuming that G is supersolv-
able and that x ∈ G is nonvanishing. Write F = FG and let N be a
minimal normal subgroup of G. Working by induction on G, we apply the
inductive hypothesis in the group G = G/N . Since x is nonvanishing in G,
we know that x centralizes FG ⊇ F , and thus F; x ⊆ N .
Since N GG has prime order and F; x ⊆ N , we see that F; x GG. Also,
N ⊆ ZF, and thus F centralizes F; x. It now follows from Lemma 2.2
that F; x = 1, and thus x ∈ CGF = ZF, as required.
Another way that we can use the hypothesis that an element is non-
vanishing is given by the following easy lemma, which we need to prove
Theorem C.
(2.3) Lemma. Let x be a nonvanishing element in G, and suppose N GG.
Then x xes some member of each orbit of the action of G on IrrN.
Proof. Let θ ∈ IrrN and let T be the stabilizer of θ in G. If ψ ∈ IrrT 
lies over θ, then by the Clifford correspondence, we know that ψG is irre-
ducible, and hence ψGx 6= 0. By the denition of the induced character
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ψG, however, this implies that some conjugate xg of x in G lies in T . Then
x stabilizes θg
−1
, and the proof is complete.
Proof of Theorem C. Let N = G∞. Then G = G/N is nilpotent, and
since x is nonvanishing in G, it follows by Theorem B that x is central
in G, and thus G;x ⊆ N . Furthermore, we know by Lemma 2.3 that x
stabilizes a character in each orbit of the action of G on IrrN. Since x is
central, however, we conclude that it acts trivially on each orbit, and thus
x stabilizes all members of IrrN.
Now ox is relatively prime to N and x xes all irreducible characters
of N , and it is well known that this implies that x acts trivially on N . (To
see this, rst observe that x xes each class of N by Brauer’s lemma. By
the coprimeness assumption, it follows that CNx meets each class of N
nontrivially, and nally, this implies that the subgroup CNx must be the
whole group N .) In particular, we have x G N;x.
We know that N;x G G since x ⊆ ZG. Also, x is a normal Hall
subgroup of N;x, and thus x GG, and it follows that G;x ⊆ x. We
saw previously, however, that G;x ⊆ N , and thus G;x ⊆ N ∩ x = 1,
as required.
We need one further result that is in the spirit of this section. Note that
this is the nal assertion in Theorem D.
(2.4) Theorem. Suppose that G is solvable but not nilpotent, and let x ∈
G be a nonvanishing element. Then x lies in the penultimate term of the
ascending Fitting series of G.
Proof. Let N GG be the second-from-last term of the Fitting series of
G. Then x is nonvanishing in G = G/N , and our task is to show that
x ∈ FG. It is no loss, therefore, to replace G with G, and hence we can
assume that N = 1 and that G/FG is nilpotent. We work to show that
x ∈ FG.
Recall that FG is the intersection of the kernels of the actions of G on
all of the chief factors of G. If K/L is a chief factor and C = CGK/L,
therefore, we must show that x ∈ C. In any case, we know that FG ⊆ C,
and thus the group G = G/C is nilpotent, and it follows via Theorem B
that x ∈ ZG.
Now G permutes IrrK/L, and each orbit of this action is an orbit of
the action of G on IrrK. In particular, x xes a character in each such
orbit by Lemma 2.3. Since x is central in G, it follows that x acts trivially
on each G-orbit on IrrK/L, and thus x xes all members of IrrK/L.
We deduce by Brauer’s lemma (Theorem 6.32 of [2]) that x xes all classes
of K/L. But each class of K/L contains just one element, and it follows
that x centralizes K/L, as required.
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3. REGULAR ORBITS
Let G act on a group V , and recall that a G-orbit on V is said to be
regular if its cardinality is equal to G, or equivalently, if it contains an
element v such that CGv = 1. One condition that is well known to be
sufcient to guarantee the existence of a regular orbit is the following.
(3.1) Lemma. Let G be abelian, and assume that G acts faithfully on a
group V and that G; V  = 1. Then G has a regular orbit on V .
Sketch of Proof. Since G is an abelian Hall subgroup of the semidirect
product VG, it follows by a suitable version of Brodkey’s theorem that
G ∩Gv = 1 for some element v ∈ V . (See, for example, Theorem 5.1 of
[3].) The element v is then in a regular G-orbit.
The key result in this section considers a case where G is almost
abelian.
(3.2) Theorem. Let G be a nilpotent group that acts faithfully and irre-
ducibly on a nite vector space V , and assume that G′ is cyclic. Then there
exists a vector v ∈ V such that CGv ≤ 2.
Proof. If 1 < B GG, then CV B is a proper G-invariant subspace of V ,
and thus CV B = 0. In particular, if C GG is cyclic and 1 < B ⊆ C, then
CV B = 0, and thus the action of C on V is Frobenius. In particular, since
G′ is cyclic, we have G′ ∩ CGv = 1 for all nonzero vectors v ∈ V , and it
follows that CGv′ = 1 and CGv is abelian for all such vectors. Also, we
can assume that G has no regular orbit in V , and hence G is not cyclic.
If V is primitive as a G-module, then as is well known, every abelian
normal subgroup of G is cyclic. Since G is nilpotent but not cyclic, it follows
that G has a cyclic subgroup C of index 2. If 0 6= v ∈ V , then C ∩CGv = 1,
and hence CGv ≤ G x C = 2, and we are done in this case.
We can now assume that the action of G on V is imprimitive, and hence
we can write V as a direct sum of proper subspaces Wi ⊆ V , with 1 ≤ i ≤ t.
Choose this decomposition so that t > 1 is small as possible, and let H be
the stabilizer of W1 in G. Then H is maximal in G, and since G is nilpotent,
we see that H GG and G x H = t is prime. Then H acts on each of the
subspaces Wi, and we write Ni = CHWi.
Let 0 6= w ∈ W2, and write A = CHw, so that A is abelian. Now
A/A ∩ N1 acts faithfully on W1, and thus by Lemma 3.1, there exists
u ∈ W1 such that CAu = A ∩ N1. Let v = u + w and suppose that
x ∈ CHv. Then x xes both w and u, and hence x ∈ CAu ⊆ N1.
Since G acts transitively on the set of subspaces Wi, we can choose g ∈ G
such that W1g = W2, and thus N1g = N2. We thus have xg ∈ N2, and
hence xg xes w. But x also xes w, and thus x; g = x−1xg ∈ CG′ w =
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1, and we have x = xg. Since G = Hg, we see that g permutes the
subgroups Ni transitively, and it follows that x ∈ Ni for all subscripts i, and
hence x ∈ CGV  = 1.
We have now shown that CHv = 1, and we can assume that CGv > 1.
It follows that CGv = t, and hence it sufces to show that t = 2. Now
CGv permutes the subspaces Wi transitively, and since v has the nonzero
component w in W2, it follows that v has nonzero components in each
summand Wi for 1 ≤ i ≤ t. But v = u+ w ∈ W1 +W2, and hence t = 2, as
desired.
4. THE MAIN THEOREM
We begin with a known result.
(4.1) Lemma. Let E be nilpotent, and suppose that ZE′ is cyclic. Then
E′ is cyclic.
Proof. Write Z = ZE′. Working for a contradiction, assume that Z <
E′, and let A/Z be a chief factor of E with A ⊆ E′. Then A/Z is cyclic,
and since Z ⊆ ZA, we see that A is abelian. But A is not central in E′,
and so E′ 6⊆ CEA and E/CEA is nonabelian. It follows that AutA is
nonabelian, and hence A is noncyclic, and thus there exists an elementary
abelian subgroup V ⊆ A such that V G E and V  = p2 for some prime
p. Since E is nilpotent, we have V;E < V , and thus V;E ≤ p and
V;E;E = 1. By the three-subgroups lemma, we deduce that E′; V  = 1,
and thus V ⊆ ZE′ = Z. This is a contradiction since Z is cyclic.
The following consequence of Theorem 3.2 is used to prove our main
result.
(4.2) Theorem. Let x ∈ FG, where G acts faithfully and irreducibly
on a nite vector space V , and assume that x xes a point in each G-orbit
in V . Then x2 = 1. Also, if x lies in an abelian normal subgroup of G, then
x = 1.
Proof. Let E be the normal closure of x in G, and note that E is
nilpotent since x ∈ FG. Also, E; V  = 1 since the action of G on V
is faithful and irreducible. If x lies in some abelian normal subgroup of
G, then, E is abelian and we can apply Lemma 3.1 to choose v ∈ V with
CEv = 1. But some G-conjugate of x lies in CEv by hypothesis, and it
follows that x = 1. This proves the last assertion, and we work now to show
that in any case, x2 = 1.
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Suppose rst that G is primitive in its action on V . Then every abelian
normal subgroup of G is cyclic, and in particular, ZE′ is cyclic, and hence
E′ is cyclic by Lemma 4.1. Since V is irreducible and primitive as a G-
module, it is a direct sum of isomorphic irreducible E-modules, and we let
W be one of these. Then E acts faithfully on W , and can apply Lemma 3.2
to nd w ∈ W such that CEw ≤ 2. By hypothesis, x xes some member
of the G-orbit of w, and thus some conjugate of x in G lies in CEw. It
follows that x2 = 1, as desired.
We can now suppose that the action of G on V is imprimitive, and we
write V as a direct sum of subspaces Wi with 1 ≤ i ≤ t, where the Wi are
transitively permuted by G. If we do this so that t is as small as possible,
we can assume that the stabilizer H of W1 is maximal in G, and we observe
also that H acts irreducibly on W1.
Next, we prove that E ⊆ H. Suppose, to the contrary, that E ∩H < E.
Then NEE ∩ H > E ∩ H, and hence NGE ∩ H 6⊆ H. It follows that
NGE ∩H > H, and thus E ∩H GG by the maximality of H. If 0 6= w ∈
W1, then some conjugate xg of x in G xes w, and hence xg ∈ E ∩H. It
follows that E ∩H contains all G-conjugates of x, and thus E ∩H = E,
which is a contradiction. Thus E ⊆ H, as desired, and since E GG, it follows
that E stabilizes each of the subspaces Wi.
In particular, x stabilizes Wi, and we show that x2 acts trivially on Wi for
each subscript i. It will follow that x2 acts trivially on V and x2 = 1, as
required. By the symmetry of the situation, it sufces to show that x2 acts
trivially on W1.
We know that H acts irreducibly on W1, and we let N GH be the kernel
of this action. Working in H = H/N , we see that x ∈ FH, and we show
that x xes a point in each H-orbit in W1. Proceeding by induction on G,
it will follow by the inductive hypothesis that x2 acts trivially on W1, and
the result will follow.
Given an H-orbit O on W1, we must show that x xes an element of O.
For 1 ≤ i ≤ t, choose gi ∈ G so that W1gi = Wi, and let Oi = Ogi ⊆ Wi.
Now Oi is independent of the choice of the element gi because O is H-
invariant, and it follows that the sets Oi are permuted by G. Now let S be
the subset of V consisting of those vectors whose Wi-component lies in Oi
for all i. Then S is G-invariant, and hence it is a union of G-orbits. By
hypothesis, x xes some vector v ∈ S , and since x stabilizes Wi for each
subscript i, it follows that x xes each component of v. In particular, x xes
the component of v in W1, and this is an element of O1 = O, as desired.
The proof is now complete.
Finally, we are ready to prove Theorem D. Recall that the last assertion
has already been proved as Theorem 2.4, and so we need only the following
result.
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(4.3) Theorem. Let G be solvable, and let x be a nonvanishing element
of G. Then the image of x modulo FG has 2-power order.
Proof. Let u ∈ x be an element of odd order. It sufces to show that
u ∈ FG, and working by induction on G, we can assume that the Fitting
subgroup of every proper homomorphic image of G contains the image u.
Since FG is the intersection of the centralizers of the chief factors of G,
it sufces to show that u ∈ C, where C = CGK/L and K/L is an arbitrary
chief factor of G.
Write G = G/C, and note that C > 1, and hence by assumption, u ∈
FG. Also, G acts faithfully and irreducibly on K/L, and hence it also acts
faithfully and irreducibly on IrrK/L. Since x xes some member of each
G-orbit in IrrK/L by Lemma 2.3, the same is true for u, and hence for
u. Theorem 4.2 now applies, and we deduce that u2 = 1. Since u has odd
order, however, we have u = 1 and u ∈ C, as desired.
Of course, in the situation of Theorem 4.3, we would like to prove that
x ∈ FG. If this is not true, we show that G has a homomorphic image in
which the image of x is a nonvanishing involution that lies in the Fitting
subgroup, but does not lie in any abelian normal subgroup. The authors
have been unable to construct any examples where a nonvanishing involu-
tion fails to lie in an abelian normal subgroup, and if there really is no such
example, then the following result shows that x ∈ FG, as desired.
(4.4) Theorem. Let G be solvable, and let x be a nonvanishing element
of G. If x 6∈ FG, then in some homomorphic image G of G, the element
x is an involution lying in the Fitting subgroup but not lying in any abelian
normal subgroup.
Proof. If we replace G by an appropriate homomorphic image, we can
assume that x lies in the Fitting subgroup of every proper homomorphic
image of G. Since x 6∈ FG, however, there is a chief factor K/L of G
such that x 6∈ C, where C = CGK/L. Then G = G/C acts faithfully and
irreducibly on IrrK/L, and x ∈ FG xes an element in each G-orbit in
IrrK/L. Since x is not the identity, Theorem 4.2 guarantees that x is an
involution and that it does not lie in any abelian normal subgroup of G.
(4.5) Corollary. Let G be solvable, and let x be a nonvanishing element
of G. If a Sylow 2-subgroup of G is abelian, then x ∈ FG.
Proof. If x 6∈ FG, there is a homomorphic image G of G such that
x is an involution contained in the Fitting subgroup, but not contained in
any abelian normal subgroup. But x is contained in the Sylow 2-subgroup
of FG, and this is an abelian normal subgroup.
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5. EXAMPLES
In this section, we construct some examples of groups having nonvanish-
ing elements not lying in abelian normal subgroups.
(5.1) Theorem. Let p be a prime number. Then there exists a group G
having a nonabelian normal Sylow p-subgroup P such that every element of
P is nonvanishing in G and no element of P −ZP lies in an abelian normal
subgroup of G. Furthermore, if p 6= 2, then P has exponent p.
The construction of our group G is fairly standard, and so we omit many
of the details.
Proof of Theorem 5.1. Let F be the eld of order p3, and dene σ ∈
AutF be the map α 7→ αp. Let R be the truncated skew polynomial ring
over F in one indeterminate X, where Xα = ασX for α ∈ F , and X3 = 0.
A typical element of R, therefore, looks like αX2 + βX + γ.
Let P be the subgroup of the unit group of R consisting of polynomials
with constant" term γ = 1. Then P = F 2 = p6, and it is easy to see
that P is nonabelian and that the p3 elements of the form αX2 + 1 form
a central subgroup Z ⊆ P such that P/Z is abelian. An easy computation
shows that P has exponent p if p 6= 2.
Let the multiplicative group F× act on P by setting(
αX2 + βX + 1λ = λ1+pαX2 + λβX + 1:
It is easy to check that this denes an action by automorphisms of P , and
we observe that F× acts transitively on the nonidentity elements of P/Z.
Also, since the greatest common divisor p3 − 1; p+ 1 is at most 2, we see
that F× has at most two orbits on the nonidentity elements of Z. Thus F×
acts irreducibly on both P/Z and Z, and it follows that Z is the full center
of P and that P ′ = Z.
Now let G be the semidirect product of P by F×. Since P is nonabelian
and P/Z is a chief factor of G, it follows easily that no element of P − Z
lies in an abelian normal subgroup of G. We proceed now to show that all
of the elements of P are nonvanishing in G.
By Theorem A, we know that the elements of Z are nonvanishing, and so
we let x ∈ P − Z, and we consider a character χ ∈ IrrG. If Z ⊆ kerχ,
we can apply Theorem A in the group G/Z to show that χx 6= 0, and
hence what remains is to show that χx 6= 0 if Z 6⊆ kerχ.
If O be a G-orbit of characters θ ∈ IrrP with Z 6⊆ kerθ, it sufces to
show that
P
O θx 6= 0. For each character θ ∈ O, we have θ1 = p, and
thus there is a subgroup U = Zχ ⊆ P of index p2, where Z ⊆ U and
θ vanishes on P − U . (See, for example, Theorem 2.31 and Corollary 2.30
isaacs, navarro, and wolf 423
of [2].) Since G acts transitively on the subgroups of order p in P/Z, we
see that each of the subgroups U such that Z ⊆ U ⊆ P and P x U  = p2
occurs equally often as Zθ as θ runs over O.
Let O0 be the subset of O consisting of those characters θ ∈ O for which
x ∈ Zθ, and write m = O0. Then m divides O, which, in turn, divides
G x P = p3 − 1. Also, the m characters in O0 are the only members of O
that do not vanish at x, and in fact, if θ ∈ O0, then θx = p for some
root of unity  depending on θ. It follows that
P
O θx = ps, where s is a
sum of m p th roots of unity. Each of these roots of unity is congruent to
1 modulo a maximal ideal I containing p in the ring of algebraic integers,
and thus s ≡ m mod I. Since p does not divide m, we see that s 6= 0, and
this completes the proof.
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